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Abstract
This paper studies effective separability for subgroups of finitely generated nilpotent groups
and more broadly effective subgroup separability of finitely generated nilpotent groups. We
provide upper and lower bounds that are polynomial with respect to the logarithm of the word
length for infinite index subgroups of nilpotent groups. In the case of normal subgroups, we
provide an exact computation generalizingwork of the second author. We introduce a function
that quantifies subgroup separability, and we provide polynomial upper and lower bounds. We
finish by demonstrating that our results extend to virtually nilpotent groups and stating some
open questions.
1 Introduction
LetG be a finitely generated group with a subgroup H . We say thatH is a separable subgroup if for
each g ∈ G\H there exists a group morphism to a finite group pi : G→ Q such that pi(g) /∈ pi(H).
If the trivial subgroup is separable, we say G is residually finite. The group G is called subgroup
separable, also known in the literature as locally extended residually finite (LERF), if every finitely
generated subgroup of G is separable. Subgroup separability is thus a natural generalization of
residual finiteness.
The study of subgroup separability in the literature has been to understand which groups satisfy
these properties. For instance, closed surface groups, free groups, fundamental groups of geomet-
ric 3-manifolds, finitely generated nilpotent groups, and polycyclic groups have all been shown to
be subgroup separable and subsequently, residually finite in [1, 7, 12, 16, 17, 19]. Recently, there
is a lot of interesting in making effective various separability properties such as residual finiteness
and subgroup separability. For a finitely generated group G with a finite generating subset S and a
finitely generated subgroup H ≤G, we introduce a function FG,H,S(n) on the natural numbers that
quantifies the separability of H in G. In particular, the value FG,H,S(n) on a natural number n is
such that every element in the complement of H of word length at most n can be distinguished in
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a finite quotient of order at most FG,H,S(n). One can see that FG,H,S(n) is a generalization of the
function introduced for residually finiteness in [2] to arbitrary finitely generated subgroups. By
generalizing word length of group elements to finitely generated subgroups, we are also able to
quantify subgroup separability. To be specific, the function SubG,S(n) on the value n is the mini-
mal value such that every finitely generated subgroup H can be separated from an element g in the
complement of H in a finite quotient of order at most SubG,S(n) as one varies over subgroups H
and elements g satisfying ‖H‖S,‖g‖S ≤ n.
Previous work on the function FG,H,S(n) has fallen into two different contexts. When H = {1},
many papers have been written that explore the asymptotic behavior of FG,{1},S(n). See [9] and
the references therein for a more complete account of the literature. When H is a nontrivial,
proper, finitely generated subgroup, FG,H,S(n) has been studied when G is a closed surface group,
a free group, or a virtually compact special hyperbolic group. The papers [10, 13] imply that if
G is a free group or a surface group and H is any finitely subgroup, then there exists a d ∈ N
such that FG,H,S(n)  nd . Likewise, [5] implies that if G is a virtually compact special hyperbolic
group and H ≤ G is a K-quasiconvex subgroup, then FG,H,S(n) is bounded by a function which
is polynomial in n and exponential in K. In the above cases, no lower asymptotic bound was
provided; moreover, there has been no prior work on the function SubG,S(n). However, providing
a bound for SubG,S(n) is similar to the result of [5] except the complexity of the subgroups is
given by the subgroup norm instead of the quasiconvexity constant. It is also relevant for studying
twisted conjugacy separability in finitely generated groups, for example see [3, Question 1].
This article provides the first asymptotic bounds for SubG,S(n)which, in turn, provides an universal
asymptotic upper bound for FG,H,S(n) independent of the subgroup H . We are also the first to
provide precise asymptotic bounds for FG,H,S(n) when H is a nontrivial normal subgroup and
provides asymptotic lower bounds for general subgroups. These results are all in the context of
nilpotent groups which generalizes the work in [15].
To state our results, we require some notation. For two non-decreasing functions f ,g : N→N, we
write f (n) g(n) if there exists aC ∈N such that f (n)≤Cg(Cn) for all n. We write f ≈ g when
both f  g and g  f . For the next theorem, we observe that if N is a finitely generated group
and H 6= N is a finite index subgroup, then we may pass to the normal core of H , denoted H0, to
conclude that FN,H,S(n) ≤
∣∣∣NupslopeH0
∣∣∣. Thus, we assume that H is an infinite index subgroup of N to
formulate the result.
Theorem 1.1. Let N be a torsion-free, finitely generated nilpotent group with a finite generating
subset S, and suppose that H ≤ N is a subgroup of infinite index. Then for h(N) the Hirsch length
of N, it holds that
log(n)  FN,H,S(n) (log(n))h(N) .
Moreover, if H E N, there exists a smaller constant ψ(N,H) ∈ N such that
log(n) FN,H,S(n) (log(n))ψ(N,H) .
The constant ψ(N,H) is given in Definition 2.6 and can be computed given groups N and H .
The proof of the first statement follows from induction on the Hirsch length and making effective
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separating a nontrivial central element from an arbitrary subgroup, and the proof of the second
statement is elementary and follows from a close inspection of how the asymptotic behavior of
FN,H,S(N) relates to the asymptotic behavior of FNupslopeH,{1},S¯(n) and from [15].
In the context of abelian groups, the explicit form of the constant ψ(N,H) gives the following
consequence.
Corollary 1.2. Let A be a torsion free, finitely generated abelian group with a finite generating
subset S. If B≤ A is a subgroup of infinite index, then FA,B,S(n)≈ log(n).
This shows that for a given nilpotent group N, the lower bound log(n) is the best we can do since
H = [N,N] will lead to FN,H,S(N)≈ log(n).
For general nilpotent groups N, we establish asymptotic upper and lower bounds for SubN,S(n).
Theorem 1.3. Let N be a torsion-free, finitely generated nilpotent group with a finite generating
subset S. There exists a k ∈ N such that
n SubN,S(n) nk.
The proof of Theorem 1.3 is done in two steps. For the upper bound, we introduce some tools that
bound the norm of the intersection of a subgroup H ≤ N with terms of a central series by the norm
of H . To establish the lower bound, we construct a sequence of subgroups Hi and elements gi such
that gi /∈ Hi and the order of the minimal finite quotient that distinguishes gi and Hi is bounded
below by ‖Hi‖S. Note that we could express the constant k in terms of the Hirsch length of N, but
we avoid this since the constructed bound in Theorem 1.3 is far from sharp.
Finally, we show that the separability functions above behave well under finite extensions. As an
application, we generalize the polynomial upper bounds and lower bounds to virtually nilpotent
groups. We state some open related questions in the last section.
2 Background and notation
Let G be a finitely generated group. We denote the identity element of G as 1, and when G is an
abelian group, we use additive notation and take 0 as the identity. We denote the commutator of
x,y ∈G as [x,y] = x y x−1 y−1. For two subsets A,B≤ G, we denote [A,B] to be the subgroup of G
generated by elements of the form [a,b] for a ∈ A and b ∈ B. For H E G, we set piH : G→ GupslopeH to
be the natural projection. We define Gm to be the subgroup generated by m-th powers of elements
in G with associated projection pim.We denote the center of the group G as Z(G), and the order of
a finite group is denote as |G|. The order of an element g ∈G is denoted as OrdG(g). For a natural
m and a prime p, we denote νp(m) as the largest power of p such that p
νp(m) divides m.
For any subset X ⊆ G, we let 〈X〉 be the subgroup generated by the set X . When G is finitely
generated with a finite generating subset S, we write ‖x‖S as the word length of x with respect to
S. We can also define the norm of subgroups of G.
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Definition 2.1. Let G be a finitely generated group with a finite generating subset S. For any finite
subset X ⊆G, define ‖X‖S def= max{‖x‖S | x ∈ X}. For a finitely generated subgroup H ≤ G, let
‖H‖S def= min{‖X‖S |X is a finite generating subset for H} .
If S1 and S2 are any two finite generating subsets of a group G, then there exists a constant C > 0
such that ‖g‖S2 ≤C‖g‖S1 for all g ∈ G. It then follows that ‖H‖S2 ≤C‖H‖S1 , since if {hi}ki=1 is a
set of generators for H such that ‖hi‖S1 ≤ ‖H‖S1 for all i, then
‖hi‖S2 ≤C‖hi‖S1 ≤C‖H‖S1 .
Since these elements generate H , we have the following lemma.
Lemma 2.2. Let G be a finitely generated group with a finite generating subsets S1 and S2. There
exists a constant C > 0 such that if H ≤ G is a finite generated subgroup, then
C−1‖H‖S1 ≤ ‖H‖S2 ≤C ‖H‖S1 .
Nilpotent groups
The groups we work with in this paper are nilpotent groups, and we recall their definition and
basic properties. See [6, 17] for a more complete account of the theory of nilpotent groups.
A central series for a group N is a sequence of subgroups N = N0 ≥ N1 ≥ . . . ≥ Nk = 1 such that
[N,Ni] ≤ Ni+1 for all i. The i-th term of the lower central series is defined by γ1(N) = N and
inductively by γi(N) = [N,γi−1(N)]. We say that a group N is nilpotent of step size c if c is the
minimal natural number such that γc+1(N) = 1. When N is nilpotent, we denote its nilpotency
class of N as c(N), and if we don’t specify the step size, we say that N is a nilpotent group. When
N is nilpotent, the lower central series forms, as the name says, a central series for the group N.
We define the Hirsch length of N as
h(N)
def
=
c(N)
∑
i=1
rankZ
(
γi(N)
/
γi+1(N)
)
.
If N is a torsion-free, finitely generated nilpotent group, we say N is a F -group.
Definition 2.3. Let N be a F -group. We call a central series {Ni}h(N)i=0 maximal if NiupslopeNi+1 ∼= Z for
all 0≤ i≤ h(N)−1.
Maximal series always exist for F -groups; however, they are not unique. Their existence is
guaranteed by [8, Lemma 8.23(c)].
Definition 2.4. Let N be a F -group, and let H ≤ N be a subgroup. We define the isolator of H in
N, denoted
N
√
H, as the set
N
√
H
def
=
{
x ∈ N | there exists a k ∈ N such that xk ∈ H
}
.
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From [17], it follows that if N is a finitely generated nilpotent group, then
N
√
H is a subgroup for
all H ≤ N, which moreover satisfies | N√H : H|< ∞.
Definition 2.5. Let N be a F -group, and let z ∈ N be a primitive central element of N. An
admissible quotient of N associated to z is a quotient NupslopeH such that
NupslopeH is a F -group where
Z
(
NupslopeH
)
= 〈piH(z)〉.
For any primitive central element, the existence of an associated one dimensional central quotient
of N is guaranteed by [14, Proposition 3.1].
Definition 2.6. Let N be a F -group. We define Φ(N) to be the smallest integer such that for
every primitive element z ∈ Z(N), there exists an admissible quotient NupslopeH associated to z such
that h
(
NupslopeH
)
≤ Φ(N). For a normal subgroup H E N of a F -group, we define ψ(N,H) =
Φ
(
NupslopeN√
H
)
.
For a torsion-free, finitely generated abelian group A and any primitive element z, one can see if
AupslopeB is an admissible quotient of A associated to z, then
AupslopeB
∼= Z. In particular, Φ(A) = 1.
Effective separability
Let G be a group with a proper subgroup H . Following [2], we defined the relative depth function
DG(H, ·) : G\H → N∪{∞} of H in G as
DG(H,g)
def
= min{|Q| | there exists a pi : G→ Q such that |Q|< ∞ and pi(g) /∈ pi(H)}
with the understanding that DG(H,g) = ∞ if no such Q exists.
Definition 2.7. We say that a finitely generated subgroup H ≤G is separable if DG(H,g)< ∞ for
all g ∈ G \H . We say that a finite group Q separates H and g if there exists a surjective group
morphism pi : G→ Q such that pi(g) /∈ pi(H). We refer to the process of finding finite groups that
separate H from elements of G\H as separating H in G.
With the above definition in mind, we can define the residual property of interest for this article.
Definition 2.8. We say a finitely generated group G is subgroup separable if every finitely gener-
ated group is separable.
Now assume that G is finitely generated by a finite generating subset S, and let H ≤G be a proper,
finitely generated, separable subgroup. To quantify the complexity of separating H in G, we
introduce the function FG,H,S : N→ N given by
FG,H,S(n)
def
= max{DG(H,g) | ‖g‖S ≤ n and g ∈ G\H} .
Lemma 2.9. If S1 and S2 are two finite generating subsets of G and H is a finitely generated
separable subgroup, then FG,H,S1(n)≈ FG,H,S2(n).
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The proof follows from standard arguments for the word norm.
It is well known that every subgroup of a finitely generated nilpotent group is finitely generated.
Thus, whenever we reference the function FN,H,S(n) for a F -group N and a finitely generated
subgroup H ≤ N, we will simply say that H is a subgroup.
The following function allows us to quantify the complexity of subgroup separability for any
finitely generated subgroup separable group G with a finite generating subset S.
Definition 2.10. Let G be a finitely generated subgroup separable group with a finite generating
subset S. Define SubG,S : N→ N as
SubG,S(n)
def
= max{DG(H,g)|H ≤ G finitely generated, g ∈G\H, and ‖H‖S,‖g‖S ≤ n}.
Lemma 2.11. If S1 and S2 are two finite generating subsets of G, then SubG,S1(n)≈ SubG,S2(n).
As before, the proof is similar to [2, Lemma 1.1], but we additionally appeal to Lemma 2.2.
We note that for a F -group N, we may define SubN,S(n) as
SubN,S(n) =max{DG(H,g) |H ≤ N,g ∈ N \H and ‖H‖S,‖g‖S ≤ n} .
3 Intersections of Subgroups with Normal Series and Applications
Let N be a F -group with a finite generating subset S and a maximal central series {Ni}h(N)i=0 . For
any subgroup H ≤ N, we seek to estimate ‖H∩Ni‖S in terms of ‖H‖S. This result will be essential
for the inductive step in the proof of Theorem 1.3.
The following theorem is an effective version of Bezout’s Lemma for Z. This result and its proof
are originally from [11].
Theorem 3.1. Let a1, . . . ,an ∈ Z be any number of integers. There exist x1, . . . ,xn ∈ Z with |xi| ≤
max{|ai|}
2
such that
n
∑
i=1
xi ai = gcd(a1, . . . ,an).
Note that the subgroup H = 〈a1, . . . ,an〉 ≤ Z satisfies H = gcd(a1, . . . ,an)Z. In general, we don’t
have a bound on the number of generators of a subgroup. Therefore, we need the following lemma
for subgroups of Z which measures the length of the standard generating subset of Z with respect
to the given finite generating subset.
Lemma 3.2. Let S be any finite generating subset for dZ and assume that |s| ≤ n for all s ∈ S.
Then
‖d‖S ≤ n2.
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Proof. Wemay assume that 0 /∈ S; hence, there are at most 2n elements in S. Write S= {s1, . . . ,sk}
with k ≤ 2n. By using Theorem 3.1, we get that d = ∑ki=1 si xi with |xi| ≤ n2 . In particular,
‖d‖S ≤
k
∑
i=1
|xi| ≤ kn
2
≤ n2.
From the proof, it follows that this result can easily be improved to a bound of n log(n); however,
this does not improve other results so we only formulate it as n2.
The following lemma gives a bound for the norm of γ2(N) for a F -group N dependent only on
the nilpotency class of N.
Lemma 3.3. For every c ∈ N, there exists a constant Kc such that for all nilpotent groups N of
nilpotency class at most c and every finite generating subset S for N, it holds that ‖γ2(N)‖S ≤ Kc.
Proof. From [6, Lemma 1.7], it follows for any finite generating subset S of N, the subgroup
γ2(N) is generated by the elements of the form [s1, [s2, · · · , [sk−1,sk], · · · ]] with si ∈ S and k ≤ c.
The lemma is now immediate.
Suppose that N is a F -group with a finite generating subset S and a maximal central series
{Ni}h(N)i=0 , and let H ≤ N be a subgroup. Lemma 3.2 allows us to estimate ‖H ∩Ni‖S in terms
of ‖H‖S.
Proposition 3.4. Let N be a F -group with a finite generating subset S. Let {Ni}h(N)i=0 be a maximal
normal series. There exists a natural number k and a constant C > 0 such that for every i≥ 0 and
every subgroup H ≤ N, it holds that
‖H ∩Ni‖S ≤C(‖H‖S)k.
Proof. We prove the proposition by induction on Hirsch length, and note that the base case is clear
by definition. Thus, we may assume that h(N)> 1. For notational simplicity, we let pi = piN1 .
The statement is invariant under change of finite generating subset, so we may assume that there
exists a s0 ∈ S such that NupslopeN1 ∼= 〈pi(s0)〉 and S = {s0}∪ S′ where S′ is a finite generating subset
for N1. By [4, 3.B2], there exists a k1 ∈N and a constant C1 > 0 such that ‖x‖S ≤C1 (‖x‖S′)k1 and
‖x‖S′ ≤C1 (‖x‖S)k1 for all x ∈ N1. Take any subgroup H ≤ N and any finite generating subset T1
for H with ‖t‖S ≤ ‖H‖S for all t ∈ T1.
First suppose that pi(H) = 0 or equivalently H ≤ N1. Note that N1 ≥N2≥ . . .≥Nh(N) is a maximal
central series for N1. From the induction hypothesis, the proposition holds for the group N1 with
some constant C2 > 0 and k2 ∈ N. So for all i≥ 1 we get
‖H ∩Ni‖S ≤C1 (‖H ∩Ni‖S′)k1 ≤C1Ck12 (‖H‖S′)k1 k2 ≤C1Ck1 k21 Ck12 (‖H‖S)k
2
1 k2 .
On the other hand, for i= 0 it holds that H ∩N0 = H , and thus, the statement of the proposition is
evidently true. Hence, the proposition holds for subgroups H ≤ N1.
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Thus, we may assume that pi(H) 6= 0. By Lemma 3.2 with the generating subset pi(T1) for pi(H),
we find an element t0 ∈ H such that pi(t0) 6= 0 generates pi(H) with ‖t0‖S ≤ ‖T1‖2S ≤ (‖H‖S)2. We
now construct a finite generating subset for H ∩N1. For each generator t ∈ T1, let xt ∈ N1 be given
by xt = t t
− pi(t)
pi(t0)
0 . Note that these elements indeed lie in N1, since
pi(xt) = pi(t)−pi(t0) pi(t)
pi(t0)
= 0.
Take a generating subset T ′2 for γ2(H) such that ‖T ′2‖T1 ≤Kc, which exists by Lemma 3.3. We claim
the set T2 = T
′
2 ∪{xt | t ∈ T1} is a finite generating subset for H ∩N1. We only need to demonstrate
that the image of the set {xt | t ∈ T} in Hupslope[H,H] is a finite generating subset for H ∩N1upslope[H,H],
where [H,H]≤ N1 by definition. Let T1 = {t1, · · · , tl} and take h ∈ H ∩N1. We may write
h≡
ℓ
∏
i=1
t
mi
i mod [H,H]
for some integers mi, and by construction, ∏
ℓ
i=1 t
mi
i ≡ h ≡ 0 mod H ∩N1. Since ti ≡ tpi(ti)/pi(t0)0
mod N1, we have
h≡
ℓ
∏
i=1
t
mi
i ≡ t∑
ℓ
i=1mi di pi(t0)
0 mod N1,
where di =
pi(ti)
pi(t0)
. In particular, ∑ℓi=1mi di = 0. We may write
ℓ
∏
i=1
x
mi
ti ≡
ℓ
∏
i=1
t
mi
i t
−mi di
0 ≡ t
−∑ℓi=1mi di
0
ℓ
∏
i=1
t
mi
i ≡ h mod [H,H].
Thus,
ℓ
∏
i=1
x
mi
ti
≡ h mod [H,H].
Hence, T2 is a finite generating subset for H ∩N1.
We now find a bound for ‖H ∩N1‖S by providing a bound for ‖T2‖S in terms of ‖H‖S. We first
note that if t ∈ T ′2 , then ‖t‖S ≤ Kc‖H‖S. The norm of each xt satisfies
‖xt‖S ≤ |pi(t)|‖t0‖S+‖t‖S ≤ ‖H‖3S+‖H‖S ≤ 2‖H‖3S.
In particular, ‖H ∩N1‖S ≤ C3 (‖H‖S)3 for some constant C3 > 0. Since we reduced the general
case to the situation where H ≤ N1, we are finished.
We finish this section with some applications of Proposition 3.4. Let N be a F -group with a
maximal central series {Ni}h(N)i=0 . Suppose H ≤ N is a subgroup with an element g ∈ N \H . When
piNh(N)(g) ∈ piNh(N)(H), the following proposition constructs an element z ∈ Nh(N) \H such that
g = z h for some h ∈ H and where there exists a bound on the word length of z with respect to
the word length of g. Once a bound for the word length of z has been found, we may find a finite
group that separates g and H by finding a finite group that separates z and H as will be seen at the
end of this section.
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Proposition 3.5. Let N be a F -group with a finite generating subset S, and let {Ni}h(N)i=0 be a
maximal central series. There exists some constant C > 0 and k ∈N such that for every subgroup
H ≤ N and g ∈ N \H with piNh(N)(g) ∈ piNh(N)(H), there exists a z ∈ Nh(N) \H such that g z ∈H and
‖z‖S ≤C (max{‖H‖S,‖g‖S})k .
Proof. We proceed by induction on the Hirsch length, and observe that the base case is clear. We
may assume that S= S′∪{s0}where s0N1 generates NupslopeN1 and S′ generates N1. Assume h(N)> 1,
and let T be a finite generating subset for H such that ‖t‖S ≤ ‖H‖S for all t ∈ T .
If g ∈ N1, then the inductive hypothesis implies that there exists a z ∈ Nh(N) \H ∩N1 such that
g z ∈ H and
‖z‖S′ ≤C1 (max{‖H ∩N1‖S′ ,‖g‖S′)k1
whereC1 > 0 is some constant and k1 ∈N. [4, 3.B2] implies that there exists a constantC2 > 0 and
k2 ∈ N such that ‖g‖S′ ≤ C2 (‖g‖S)k2 (hence also ‖H‖S′ ≤ C2 (‖H‖S)k2 ) and ‖g‖S ≤ C2 (‖g‖S′)k2
for all g ∈ N1. Thus,
‖z‖S ≤Ck21 Ck1 k22 C2 (max{‖H ∩N1‖S,‖g‖S})k1 k
2
2
just as in the proof of the previous proposition. Proposition 3.4 implies that there exists a constant
C3 > 0 and k3 ∈N such that ‖H ∩N1‖S ≤C3 (‖H‖)k3 . Hence,
‖z‖S ≤Ck21 Ck1 k22 C2C
k1 k
2
2
3 (max{‖H‖S,‖g‖S})k1 k
2
2 k3 .
Now suppose g /∈ N1. Since piNh(N)(g) ∈ piNh(N)(H), we have piN1(g) ∈ piN1(H). There exists a
d1 ∈ Z \ {0} such that |d1| ≤ ‖g‖S and g ≡ sd10 mod N1. Lemma 3.2 implies that there exists a
t0 ∈ H such that 〈piN1(t0)〉 ∼= piN1(H) and ‖t0‖S ≤ (‖H‖S)2. Given that piN1(sd10 ) ∈ piN1(H), there
exists a k ∈ Z such that piN1(tk0) = piN1(g) = piN1(sd10 ), and thus, |k| ≤ |d1| ≤ n. Letting h = tk0 , we
have gh−1 ∈ N1 \H , and since
‖h−1‖S = ‖h‖S ≤ |k|‖t0‖S ≤ n‖H‖2S ≤ ‖g‖S‖H‖2S,
we may proceed as in the previous case to find the general result.
This next lemma and its proof can be found in [3, Lemma 3.10]. Moreover, this lemma will be
useful in separating a central element from a subgroup in a F -group.
Lemma 3.6. Let N be a F -group of nilpotency class c, and let p be a prime. There exists an
integer k(p,c)≥ 0 such that if x∈N pk+k(p,c), then there exists a y∈N such that x= ypk . Additionally,
k(p,c) can be chosen so that pk(p,c) ≤ c! for all primes p.
This last proposition gives the effective behavior of separating a central element z from any sub-
group. See [3, Proposition 5.3] for a similar statement in the context of central subgroups. In this
proposition, the map pipk : N → NupslopeN pk is the natural projection map, where N
pk is the (normal)
subgroup generated by all the pk-powers of elements in N, see page 3.
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Proposition 3.7. Let N be a F -group with a finite generating subset S. There exists a constant
C > 0 and a m∈N such that for all subgroups H ≤ N and every x ∈ Z(N)\H, there exists a prime
power pk such that pipk(x) /∈ pipk(H) where
pk ≤C(‖H‖S)m log(C‖x‖S).
Proof. Let H be a subgroup and z ∈ Z(N)\H . Let {Ni}h(N)i=0 be maximal central series where there
exits i0 with Ni ≤ Z(N) for i ≥ i0, Z(N)≤ Ni for i ≤ i0, and subsequently, Ni0 = Z(N). Note that
such a maximal central series always exists. Taking Hi = H ∩Ni, we will first prove the statement
for the subgroup Hi0 and then show that if the statement holds for the subgroup Hi+1 with i+1≤ i0,
then it also holds for the subgroup Hi. The proposition then follows by applying Proposition 3.4.
First take H = Hi0 which implies that H ≤ Z(N). If z /∈ N
√
H, then the statement follows from
separating the image of z from the identity in the group NupslopeN√
H
, see [2]. Thus, we may assume that
z ∈ N√H. Take a primitive element s ∈ Z(N) such that z = sd1 and H ∩ 〈s〉 = 〈sd2〉 for d1,d2 ∈ Z.
There exists some constants C1 > 0, m1 ∈ N such that d2 ≤ C1 (‖H‖S)m1 from [3, Proposition
4.2.]. Since z /∈ H , there exists a prime power such that pk ∤ d1 but pk | d2 (and hence pk ≤ |d2|).
Considering the subgroup N p
k+k(p,c)
, Lemma 3.6 implies that N p
k+k(p,c) ∩ Z(N) ≤ pkZ(N). That
implies that z is separated from H in the quotient Nupslope
N p
k+k(p,c), from which the statement follows.
Suppose now the statement holds for Hi+1 with i+ 1 ≤ i0 or equivalently Z(N)≤ Ni+1, we then
show it holds for the subgroup Hi. By assumption, z ∈ Ni+1. We know that there exists a constant
C2 > 0 and a m2 ∈ N such that there exists a prime power pℓ such that pipℓ(x) /∈ pipℓ(Hi+1) and
where
pℓ ≤C2(‖H‖S)m2 log(C2 ‖x‖S).
If Hi = Hi+1, then there is nothing to show. Thus, we may assume that there exists a hi ∈ N such
that 〈hi,Hi+1〉 = Hi. Letting gi be a generator for the quotient NiupslopeNi+1, there exists a d ∈ Z such
that hi ≡ gdi mod Ni.
If pipℓ(z) /∈ pipℓ(Hi), we are done. Otherwise, we have z ≡ h mod N p
ℓ
for some h ∈ Hi. We may
write h= h
j
i hi+1 where hi+1 ∈ Hi+1. In particular, z≡ g jdi+1 mod Ni. Letting
ℓ0 = k(p,c(N))+νp(d),
we claim that pipℓ+ℓ0 (z) /∈ pipℓ+ℓ0 (Hi+1).
For a contradiction, assume otherwise. We have h
j
i hi+1 ∈ zN p
ℓ+ℓ0 . That implies
h
j
i Ni+1 ∈ N p
ℓ+ℓ0
Ni+1 ≤ 〈gp
l+νp(d)
i 〉Ni+1.
We note that h
j
i ≡ g jdi mod Ni+1, and thus,
g
jd
i ∈ 〈gp
l+νp(d)
i 〉 mod Ni+1.
In particular, pℓ | j, and hence, h ji ∈ N p
ℓ
. We get that
z= h ji hi+1N
pℓ ∈ Hi+1N pℓ
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which is a contradiction.
To provide a bound for pℓ+ℓ0 , we note that we have a bound for pℓ by induction and that Lemma
3.6 implies pk(p,c(N)) ≤ c(N)!. Thus, we need a bound for d. Proposition 3.4 implies that ‖Hi‖S ≤
C3 (‖H‖S)k3 for some constant C3 > 0 and integer k3 ∈ N. In particular, there exists a finite gen-
erating subset {at}t for Hi such that ‖at‖S ≤ C3 (‖H‖S)k3 for all t. Lemma 3.2 implies with the
generating subset
{
piNi+1(at)
}
t
for HiupslopeHi+1 that there exists a b∈Hi such that ‖b‖S ≤C23 (‖H‖S)
2k3
and where piNi+1(b) generates
HiupslopeNi+1. Take S
′ a generating subset for Ni such that one gen-
erator projects to a generator for NiupslopeNi+1 and the others generate Ni+1. There exist constants
C4,k4 > 0 such that ‖x‖S′ ≤C4(‖x‖S)k4 for all x ∈ Ni and so ‖b‖S′ ≤C2k43 C4 (‖H‖S)2k3 k4 . In par-
ticular |d| ≤C2k43 C4 (‖H‖S)2k3 k4 . Therefore,
pℓ+ℓ0 ≤C5(‖H‖S)m2+2k3 k4 log(C5 ‖x‖S)
for some constant C5 > 0 as desired.
4 Proof of the main results
Effective Separability of Subgroups
We first restate the first result.
Theorem 1.1. Let N be a torsion-free, finitely generated nilpotent group with a finite generating
subset S, and suppose H ≤ N is a subgroup of infinite index. Then for h(N) the Hirsch length of
N, it holds that
log(n)  FN,H,S(n) (log(n))h(N) .
Moreover, if H E N, there exists a constant ψ(N,H) ∈N such that
log(n) FN,H,S(n) (log(n))ψ(N,H) .
We are now ready to give the proof of the first statement of the above result.
Proof of first part of Theorem 1.1. We proceed by induction on Hirsch length of N, and since the
base case is clear, we may assume that h(N)> 1. Let {Ni}h(N)i=0 be a maximal central series of N,
and let g ∈ N satisfy g /∈ H and ‖g‖S ≤ n.
First suppose that piNh(N)(g) /∈ piNh(N)(H). Induction implies that there exists a surjective group
morphism pi : NupslopeNh(N)
→ Q to a finite group Q such that pi(g) /∈ pi(piNh(N)(H)). Moreover, there
exists a constant C1 > 0 such that |Q| ≤ C1 (log(C1n))h(N)−1 . By composing pi with the natural
projection on NupslopeNh(N)
, we are able to separate g and H .
Thus, we may assume that g ∈ HNh(N). Proposition 3.5 implies that there exists a z ∈ Nh(N) \H
such that g = h z where h ∈ H , and moreover, since H is fixed, there exists a constant C2 > 0 and
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a k2 ∈ N such that ‖z‖S ≤C2 (‖g‖S)k2 . Proposition 3.7 implies that there exists a prime power pm
such that pipm(z) /∈ pipm(H), and because H is fixed, we get pm ≤C3 log(C3 ‖z‖S) for some constant
C3 > 0. We claim that pipm(g) /∈ pipm(H). For a contradiction, suppose otherwise. We then have
pipm(g) = pipm(h z) ∈ pipm(H).
Since h ∈H , we must have that pipm(z) ∈ pipm(H) which is a contradiction. Thus,
DN(H,g)≤C4 (log(C4 n))h(N)
for some constant C4 > 0, and subsequently,
FN,H,S(n) (log(n))h(N) .
For the lower bound of FH,N,S(n), let pi = pi N√[N,N]. Since H is not a finite index subgroup of N,
pi(H) is not a finite index subgroup of NupslopeN√[N,N]. Thus, there exists an element g ∈ N such that
pi(gk) /∈ pi(H) for all k> 0. By changing the generating set of N if necessary, we may assume that
‖gk‖ = k. Letting {pi} be an enumeration of the primes, we let ki = lcm{p1, · · · , pi−1}, and we
define gi = g
ki . We then have that [18, Cor 10.1.] implies that log(ki) ≈ pi, and hence, we also
have that
log
(‖pi(gi)‖pi(S)
)
= log(ki)≈ pi.
It suffices to show that if pi2 : N → Q is a surjective group morphism to a finite group where
|Q|< pi, then pi2(gi)∈ pi2(H). Since |Q|< pi, it follows OrdQ(pi2(g))< pi. Thus, OrdQ(pi2(g)) | ki
and hence, pi2(gi) = pi2(g
ki) = 1. Subsequently, pi2(gi) ∈ pi2(H), and therefore, DN(H,gi) ≥ pi.
Hence,
log(n) FN,H,S(n) .
For the second part of Theorem 1.1, we have to relate the complexity of separating H in N is to the
complexity of residual finiteness in the quotient group NupslopeH for a normal subgroup H of N. The
following lemma gives such a result for general finitely generated groups G.
Lemma 4.1. Let G be a finitely generated group with a normal finitely generated subgroup H EG.
The subgroup H is a separable subgroup of G if and only if the group GupslopeH is residually finite.
Moreover, if S and T are finite generating subsets of G and GupslopeH, respectively, then
FG,H,S(n) ≈ FGupslopeH,{1},T (n).
Proof. For every g ∈ G, we will denote by piH (g) as the natural projection of g in GupslopeH. We
demonstrate that DGupslopeH
({1} ,piH(g)) = DG(H,g) for all g /∈ H , which implies the first statement.
Note that if pi : GupslopeH → Q is a morphism such that pi(piH(g)) 6= 1, then pi ◦ piH : G → Q is by
definition a morphism which separates H and g. Thus,
DG(H,g)≤ DGupslopeH ({1} ,piH(g)) .
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For the other inequality, assume that pi : G→ Q is a surjective group morphism such that |Q| =
DG(H,g) and where pi(g) /∈ pi(H). Since pi(H) is a normal subgroup in Q, we can consider the
quotient Gupslopepi(H), and by assumption, we have that pipi(H)(pi(g)) 6= 1. By considering the induced
group morphism p˜i : GupslopeH → Qupslopepi(H), we note that this group morphism separates {1} and piH(g)
by construction. Therefore,
DGupslopeH
({1} ,piH(g)) ≤ DG(H,g)
which gives our claim.
The final statement of the lemma does not depend on the finite generating subsets, so we take S
any symmetric generating subset of G and T = piH(S) to be a generating subset of GupslopeH. Suppose
g ∈ GupslopeH such that ‖g‖S ≤ n. Since ‖piH(g)‖T ≤ n, we have
DG(H,g) = DGupslopeH
({1} ,piH(g))≤ FGupslopeH,{1},T (n).
Thus,
FG,H,S(n) ≤ FGupslopeH,{1},T (n).
Now suppose piH(gn) ∈GupslopeH such that piH(gn) 6= 1 and where DGupslopeH ({1} ,piH(g)) = FGupslopeH,{1},T (n).
We may write piH(gn) = ∏
n
i=1 piH(si) where si ∈ S. That implies if we set g˜n = ∏ni=1 si, then
‖g˜n‖S ≤ n and piH(g˜n) = piH(gn). By the above claim, DG(H, g˜n) = DGupslopeH({1} ,piH(gn)), and thus,
DG(H, g˜n)≤ FG,H,S(n). Hence,
FGupslopeH,{1},S
(n)≤ FG,H,S(n),
and subsequently,
FG,H,S(n)≈ FGupslopeH,{1},T (n).
We now finish this subsection with the proof of the second statement of Theorem 1.1.
Proof of second part of Theorem 1.1. The statement is immediate, since if H is a normal sub-
group, Proposition 4.1 implies that FN,H,S(n) ≈ FNupslopeH,{1},T (n) with T any generating subset for
NupslopeH. Since
NupslopeH is infinite, both [2, Theorem 2.2] and [15, Theorem 1.3] imply the statement.
Effective Subgroup Separability Next we give the proof of our second main result.
Theorem 1.3. Let N be a torsion-free, finitely generated nilpotent group with a finite generating
subset S. There exists a k ∈ N such that
n SubN,S(n) nk.
Proof. We start with the upper bound for SubN,S(n), which is similar to the proof of the upper
bound in Theorem 1.1. Let {Ni}h(N)i=0 be a maximal central series of N. Let H ≤ N be a subgroup
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where ‖H‖S ≤ n, and let g ∈ N \H such that ‖g‖S ≤ n. If piNh(N)(g) /∈ piNh(N)(H), then by induction
there exists a constant C1 > 0 and k1 ∈ N such that DN(H,g)≤C1 nk1 . Otherwise, Proposition 3.5
implies that there exists a z ∈ Nh(N) \H and h ∈ H such that g= z h. Moreover, there exists some
constant C2 > 0 and k2 ∈ N such that
‖z‖S ≤C2 (max{‖H‖S,‖g‖S})k2 ≤C2 nk2 .
Proposition 3.7 implies that there exists a prime power pk such that pipm(z) /∈ pipm(H) and where
pm ≤C3 ‖H‖k3S log(C2 ‖z‖S).
for some constant C3 > 0 and integer k3. Hence also pipm(g) /∈ pipm(H), since otherwise pipm(z) =
pipm(gh
−1) ∈ pipm(H). Thus, there exist constants C4,k4 > 0 such that DN(H,g)≤C4 nk4 . Subse-
quently,
SubN,S(n) nk4 .
We now construct the lower bound for SubN,S(n) when N is a finitely generated nilpotent group.
Letting M = N
√
[N,N], there exists a g ∈ N such that piM(g) is a primitive non-trivial element of
NupslopeM. Let Hi = 〈gpi〉. We claim that DN(Hi,g) ≥ pi and since [4, 3.B2] implies that ‖Hi‖S ≈
pi, this will give us the lower bound. Thus, we need demonstrate if pi : N → Q is a surjective
group morphism where |Q|< pi that pi(g) ∈ pi(Hi). Now let λ = OrdQ(pi(g)) < pi, then we have
gcd(pi,λ ) = 1. Thus, there exists a t ∈ Z such that t pi ≡ 1 mod λZ. Hence, pi(gt pi) = pi(g), and
subsequently, pi(g) ∈ pi(H).
5 Finite Extensions
Using the methods of [3, §7], this section demonstrates that we may generalize the methods to
virtually nilpotent groups.
Theorem 5.1. Let G be a finitely generated group with finite generating subset S, and assume
that G has a finite index normal subgroup N with a finite generating subset S′. For any separable
subgroup H ≤G of infinite index, we have that there exists a k ∈N such that
FN,N∩H,S′(n) FG,H,S(n)
(
FN,N∩H,S′(n)
)([G:N])2
.
Moreover, for the subgroup separability function, it holds that
SubN,S′(n) SubG,S(n) 
(
SubN,S′(n)
)([G:N])2
.
Proof. First take a fixed subgroup H ≤G, and consider the subgroup H0 = H ∩N. Take elements
hi ∈H such that ∪mi=1H0hi =H . Separating an element g∈G\H is equivalent to separating g from
k right translates of H0 ≤ N where k ≤ [G : N]. A combination of [3, Lemma 7.3.], [3, Lemma
7.4.] and [3, Lemma 7.5.] now gives the upper half of the first inequality.
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For the lower bound of the first inequality, we let g ∈ N \N ∩H such that ‖g‖S′ ≤ n. We note that
if g ∈ N \N ∩H , then also g ∈ G \H . There exists a constant C > 0 independent of n such that
‖g‖S ≤Cn, since N is a finite index subgroup. Hence, there exists a surjective group morphism
pi : G → Q such that pi(g) /∈ pi(H) and |Q| ≤ FG,H,S(C n). Since pi(g) /∈ pi(H), it follows that
pi(g) /∈ pi(N ∩H), and thus, DN(N ∩H,g)≤ FG,H,S(Cn). Subsequently,
FN,N∩H,S′(n) FG,H,S(n).
For the upper bound of the second inequality, it suffices to show that there exists a constant C > 0
such that for every finitely generated subgroup H ≤G, it holds that ‖H0‖S ≤C‖H‖. Indeed, in this
case we can use the same methods as before to find the conclusion. To see that such a constant C
exists, let H be any finitely generated subgroup of G and fix generators ti ∈ H with ‖ti‖S ≤ ‖H‖S.
Take elements hi ∈ H such that
H =
m⋃
i=1
hiH0 =
k⋃
i=1
H0 hi.
Given that the diameter of the group HupslopeH0 is bounded above by [G : N], we may assume that‖hi‖S ≤ [G : N]‖ti‖S. Schreier’s Lemma implies that a finite generating subset for H0 is given
by the elements hi t j h
−1
i′ with h j ∈ T which lie in H . We conclude that ‖H0‖ ≤ C‖H‖ with
C = 2[G : N]+1.
For the lower bound of the second inequality, let H ≤N and g∈N \N∩H such that ‖H‖S′ ,‖g‖S′ ≤
n. As before, we note that ‖H‖S,‖g‖S ≤Cn for someC > 0 independent of n. Hence, there exists
a group morphism pi : G→ Q such that pi(g) /∈ pi(H) and where |Q| ≤ SubG,S(Cn). That implies
DN(N ∩H,g)≤ SubG,S(Cn). Thus,
SubN,S′(n) SubG,S(n).
Corollary 5.2. Let Γ be an infinite, finitely generated group with finite generating subset S, and
let N be a F -group that is isomorphic to a normal finite index subgroup of Γ. For every infinite
index, finitely generated subgroup H ≤ Γ, we have that
log(n) FΓ,H,S(n) (log(n))h(N) ([Γ:N])
2
.
Moreover, if k is the natural number from Theorem 1.3 for N, then
n SubΓ,S(n) nk ([Γ:N])
2
.
Proof. This follows immediately from Theorem 5.1, Theorem 1.1 and Theorem 1.3.
6 Open questions
In this section, we state some open questions about the exact form of the functions we introduced
before. In Theorem 1.1 and Theorem 1.3 we gave the first lower and upper bounds for the functions
SubN,S(n) and FN,H,S(n), but the realized bounds are far from sharp. The techniques we develop
do not allow to give sharp bounds, but we give some idea here how to improve the bounds.
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Separability for subgroups One of our main results gives lower and upper bounds for FN,H,S(n)
and we believe that the exact bound lies inbetween.
Question 1. Let N be a F -group with generating set S and H ≤ N a subgroup. Does there exist
some 0≤ k ≤ h(N) such that
FN,H,S(n)≈ (log(n))k?
As an example, we show that it holds for the Heisenberg group H3(Z), which is given by the
presentation
H3(Z) = 〈a,b,c | [a,b] = c, [a,c] = [b,c] = 1〉.
Take S = {a,b,c} the standard generating set. Note that the center of this group Z(H3(Z)) is
generated by c. If a subgroup H ≤ H3(Z) has finite index, then the function FH3(Z),H,S(n) is
bounded. Thus, from now on we assume that H has infinite index. We distinguish between two
types of subgroups, depending on whether H ∩Z(H3(Z)) is trivial or not.
Proposition 6.1. Let H ≤H3(Z) a subgroup of infinite index such that H∩Z(H3(Z)) 6= {1}. Then
FH3(Z),H,S(n)≈ log(n).
Proof. Let H ≤ H3(Z) be an infinite index subgroup and fix a generator ck with k 6= 0 for H ∩
Z(H3(Z)). Theorem 1.1 implies that log(n)  FH3(Z),H,S(n). Therefore, we need only to give a
sharp upper bound.
Let x ∈ H3(Z)\H such that ‖x‖S ≤ n. In the case where piab(x) /∈ piab(H), we can write B =
piab(H), A= piab(H3(Z)) and use Corollary 1.2 on the group AupslopeB.
In the other case, we have that x = h cl with h ∈ H and cl /∈ 〈ck〉. We can always assume that
0 < l < k and hence there are only finitely many possibilities. Proposition 3.7 implies that there
exists a D ∈ N, independent of l, such that every cl with 0 < l < k can be separated from H in a
quotient of order ≤D. Just as in the proof of Theorem 1.1, we find that x is also separated from H
in this quotient. Thus, in the second case, we get an upper bound independent of ‖x‖S.
Proposition 6.2. Let H ≤ H3(Z) such that H ∩Z(H3(Z)) = {1}. Then
FH3(Z),H,S(n)≈ (log(n))3 .
Proof. The upper bound follows from Theorem 1.1, so it suffices to give the lower bound. For
this we refer to the proof of [14, Proposition 5.2.], which gives a sequence of central elements xi
in H3(Z) with DH3(Z)({1} ,xi)≈ (log (‖xi‖S))3 and ‖xi‖S → ∞. Since the elements are central, we
have xi /∈H , and moreover
DH3(Z)({1} ,xi)≤ DH3(Z))(H,xi),
so this gives us the lower bound.
We conclude that for every subgroup H ≤ H3(Z), we have FH3(Z),H,S(n) ≈ (log(n))k with k ∈
{0,1,3}, and additionally, we have that there is an easy way to decide the correct value of k.
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Subgroup separability For the subgroup function, we start by looking at some abelian exam-
ples.
Example 6.3. Consider the group Z2 with standard generating set S= {e1,e2} and take any prime
p ∈ Z. Let H be the subgroup generated by the elements (1, p) and (p,0). Note that the subgroup
H ∩〈e2〉 is generated by (0, p2) and hence has norm p2. The original subgroup H had norm p+1.
By choosing increasing primes p, one thus finds an example for which
‖H ∩〈e2〉‖S ≈ ‖H‖2.
To separate the element (0, p) from the subgroup H , we need a quotient of order at least p2. This
shows that n2  SubZ2,S(n). To see that in fact SubZ2,S(n) ≈ n2, we can use [3, Proposition 4.2.].
Similarly one can show that SubZk,S(n) ≈ nk, but we leave the details to the reader to check. In
particular, for every d ∈N, there exists a finitely generated group G such that SubG,S(n)≈ nd .
It is an open problem to understand the asymptotic behaviour of the function SubN,S(n) for nilpo-
tent groups N.
Question 2. Let N be a F -group with generating set S. Is is true that SubN,S(n) ≈ nk for some
k ∈ N?
We can do a similar construction in the Heisenberg group, showing that the degree of the subgroup
fuctions can grow more rapidly than the Hirsch length.
Example 6.4. Let H ≤ H3(Z) be the subgroup generated by the elements bcp2 and bp. Just as in
the previous example we get that H∩Z(H3(Z)) = 〈cp3〉 and hence ‖H∩Z(H3(Z))‖S ≈ p 32 whereas
‖H‖S ≈ p. To separate the element cp2 with ‖cp2‖S ≈ p from this group, we need a quotient of
order at least p9. This implies that n9  SubH3(Z),S(n).
If we would estimate the degree of the upper bound in Theorem 1.3, then it would only depend on
h(N), but it would grow exponentially with the Hirsch length.
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